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We provide a contact invariant characterization for equations of the form
uxy+a(x, y, u) ux+b(x, y, u) uy+c(x, y, u)=0,
uxy+a(x, y) ux+b(x, y) uy+c(x, y, u)=0,
uxy+c(x, y, u)=0,
uxy=0.
We classify all equations of the form uxy+ f (x, y, u, ux , uy)=0 for which the two
Ovsiannikov’s invariants are constants. These results include characterization of the
KleinGordon equation uxy=u, the Liouville equation uxy=eu, and the class of
EulerPoissonDarboux equations. It is shown that the wave equation uxy=0,
Liouville equation, and the linear equation uxy=2u(x+ y)2 are the only varia-
tional equations Darboux integrable at level one. We also show that a hyperbolic
MongeAmpe re equation Darboux integrable at level one is equivalent to an equation
of type uxy+ f (x, y, u, ux , uy)=0. We prove that the hyperbolic FermiUlamPasta
(FPU) equation uyy=}(ux)2 uxx is contact equivalent to a linear equation of type
uxy=c(x+ y) u and we classify all FPU equations Darboux integrable at level one.
We also apply our results to equations of type uxy=F(u, ux) that describe pseudo-
spherical surfaces.  2000 Academic Press
Key Words: generalized Laplace invariants; exact integrability; Darboux method;
method of Laplace; f-Gordon equations; linear second-order scalar hyperbolic
equations in the plane.
1. INTRODUCTION
A classical result of Lie states that the second-order scalar hyperbolic
partial differential equation
F(x, y, u, ux , uy , uxx , uxy , uyy)=0 (1.1)
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is contact equivalent to the wave equation uxy=0 if and only if there are two
functionally independent first-order integrals for each characteristic system of
Eq. (1.1). The purpose of this paper is to present a variety of theorems
which, in the spirit of Lie’s theorem, provide simple characterizations of a
number of well-known hyperbolic equations. In Section 3 we give a contact
invariant characterization of equations of the form
uxy+a(x, y, u) ux+b(x, y, u) uy+c(x, y, u)=0, (1.2a)
uxy+a(x, y) ux+b(x, y) uy+c(x, y, u)=0, (1.2b)
uxy+c(x, y, u)=0, (1.2c)
and
uxy=0. (1.2d)
In Section 4 we generalize the characterization result of Ovsiannikov [21,
p. 112], for linear equations to the equations of the form
uxy+ f (x, y, u, ux , uy)=0. (1.3)
In particular we obtain the characterization of KleinGordon equation,
uxy=u,
Liouville equation
uxy=eu,
and the class of EulerPoissonDarboux (EPD) equations.
In Section 5 we deduce that every MongeAmpe re equation Darboux
integrable at level one is equivalent to an equation of type (1.3). From this
follows that GoursatVessiot classification of equations of type (1.3)
Darboux integrable at level one [13, 30] is actually a complete classifica-
tion of MongeAmpe re equations that are Darboux integrable at level
one. Independently of the results of Goursat and Vessiot we classify all
variational equations Darboux integrable at level one. Namely, we show
that there are three non-equivalent classes of such equations which can be
represented by
uxy=0, uxy=eu, and uxy=
2u
(x+y)2
.
In Section 6, as an application, we show that the hyperbolic FermiUlam
Pasta (FPU) equation
uyy=}(ux)2 uxx
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is contact equivalent to an equation of type
uxy=c(x+y) u,
and that every hyperbolic FPU equation Darboux integrable at level one is
contact equivalent to either the wave equation or the linear equation
uxy=2u(x+y)2. This result refines the classification result for FPU
equations Darboux integrable at level one obtained in [3]. We also
obtain some new results on characterization of FPU equations Darboux
integrable at higher levels, which are improvements over the results in
[8, 14].
Next we find that equations of type
uxy=F(u, ux)
which describe ’-pseudo-spherical surfaces are equivalent to one of the six
equations
uxy=sin u, uxy=u, uxy=0, uxy=eu,
uxy=euux , or uxy=eu - u2x&1.
The last four equations are Darboux integrable at level one.
Finally we apply our results to the equation uxy+uuxx+ f (ux)=0,
studied by Calogero [5], to show that this equation is contact equivalent
to a linear equation which is integrable by the method of Laplace at level
one.
The methods of proof of our results are elementary and based upon the
explicit formulas for the generalized Laplace invariants. Generalized
Laplace invariants for hyperbolic equation (1.1) are two (possibly infinite)
sequences H0 , H1 , H2 , ..., and K0 , K1 , K2 , ..., of relative contact invariants
introduced in [1, 2]. The primary motivation behind the generalization of
the classical Laplace invariants was to establish an analogy for non-linear
equations of the following well-known characterization result for linear
equations: A linear equation
uxy+a(x, y) ux+b(x, y) uy+c(x, y) u=0 (1.4)
is integrable by the method of Darboux, if and only if the two sequences
of the classical Laplace invariants are finite (see, for example, [9, 12] for
details). In [1, 2], it is proved that if the equation (1.1) is Darboux
integrable, then the two sequences of generalized Laplace invariants are
finite. Later Sokolov and Zhiber [24] showed that this condition is
sufficient for Darboux integrability of the equations of the form (1.3).
Finally, Anderson and the author [18] showed that if the two sequences
of generalized Laplace invariants are finite, then a hyperbolic equation
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(1.1) is Darboux integrable. Combining the results of [1, 2, 18], we obtain
a full generalization of the classical result: A second-order scalar hyperbolic
partial differential equation in the plane (1.1) is integrable by the method of
Darboux if and only if the two sequences of generalized Laplace invariants
are finite.
In the turn of the century Darboux integrability attracted attention of
giants such as Lie [19], Goursat [12, 13], and Cartan [6], and in the late
1930s and early 1940s of this century it was studied in remarkable papers
of Vessiot [29, 30]. Recently it received a revived interest in a number of
papers and books [13, 8, 10, 14, 20, 2628] to mention but a few.
We now mention two characterization results from [17] that are not
included in this paper.
A hyperbolic equation (1.1) admits a complete intermediate integral if and
only if at least one of the first two generalized Laplace invariants H0 or K0
vanishes.
A hyperbolic MongeAmpe re equation (1.1) admits a general intermediate
integral if and only if at least one of the first two generalized Laplace
invariants H0 or K0 vanishes.
Finally, we would like to note, that we found new invariants whose
vanishing is a necessary and sufficient condition for the hyperbolic equa-
tion (1.1) to have at least one invariant function for a given characteristic
system. Characterization of equations of the form (1.3) then follows
immediately (see Theorem 3.1 below). These and other results will be
presented elsewhere.
2. PRELIMINARIES
We now briefly recall an important generalization of the classical
Laplace invariants introduced in [1, 2]. Consider a second-order equation
F(x, y, u, ux , uy , uxx , uxy , uyy)=0, (2.1)
satisfying
\ Fuxx ,
F
uxy
,
F
uyy +{0. (2.2)
Equation (2.1) is called hyperbolic if the characteristic equation
F
r
*2&
F
s
*++
F
t
+2=0, (2.3)
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defined at the points (2.1), has a pair of non-proportional second-order
real roots (+, *)=(mx , my) and (*, +)=(nx , ny) which define the charac-
teristic (total ) vector fields
X=mxDx+my Dy and Y=nxDx+nyDy . (2.4)
Here Dx and Dy denote the total derivative operators for (2.1).
Example 2.1. For the equation
uxx+ f (x, y, u, ux , uy , uxy , uyy)=0,
the total derivative operators Dx and Dy are given by
Dy=

y
+uy

u
+uxy

ux
+uyy

uy
+uxyy

uxy
+uyyy

uyy
+ } } } ,
and
Dx=

x
+ux

u
& f

ux
+uxy

uy
&Dy f

uxy
+uxyy

uyy
+ } } }
Example 2.2. For the equation
uxy+ f (x, y, u, ux , uy)=0,
the total derivative operators Dx and Dy are
Dx=

x
+ux

u
+uxx

ux
& f

uy
+uxxx

uxx
&Dy f

uyy
+ } } }
and
Dy=

y
+uy

u
& f

ux
+uyy

uy
&Dx f

uxx
+uyyy

uyy
+ } } }
We write the Lie bracket of the characteristic vector fields as
[X, Y]=PX+QY, (2.5)
for some functions P, Q. For Eq. (2.1) we define a linear differential
operator
LF (.)=
F
uxx
Dx Dx(.)+
F
uxy
Dx Dy(.)
+
F
uyy
Dy Dy(.)+
F
ux
Dx(.)+
F
uy
Dy(.)+
F
u
., (2.6)
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which, in terms of the of the characteristic vector fields, can be written as
XY(.)+AX(.)+BY(.)+C.=0
or (2.7)
YX(.)+DX(.)+EY(.)+G.=0.
Explicit formulas for the coefficients A, B, ..., G and P, Q, are not difficult
to obtain and can be found in [2]. In [1, 2] two sequences of relative
contact invariants for equation (2.1) were introduced. The first two
invariants are defined in terms of the coefficients of the linearizations (2.7)
by
H0=X(A)+AB&C and K0=Y(E)+DE&G.
The higher level invariants Hi and Kj are defined recursively, provided
Hi {0 and Kj {0, as
Hi+1=2Hi&Hi&1&XY(ln |H i | )+QY(ln |Hi | )+Y(Q)+2PQ&X(P)
and
Kj+1=2Kj&Kj&1&YX(ln |K j | )&PX(ln |Kj | )+Y(Q)+2PQ&X(P),
where i, j0 and where H&1=K0 and K&1=H0 [17]. The invariants
H0 , H1 , H2 , ..., and K0 , K1 , K2 , ..., are called generalized Laplace invariants.
Recall that Eq. (2.1) is (contact) equivalent to the equation
F (x , y , u , u x , u y , u x x , u x y , u y y )=0. (2.8)
if there is an invertible transformation (x, y, u, ux , uy)  (x , y , u , u x , u y ),
such that solutions of (2.1) are mapped to solutions of (2.8), i.e., omitting
the pullback notation, we have
du &u x dx &u y dy =*(du&ux dx&uy dy)
for some function *. Such transformations are called (invertible) contact
transformations. The transformation rules for u x x , u x y , and u y y , are deter-
mined from the fact that the pullback of the two one-forms
du x &u x x dx &u x y dy and du y &u x y dx &u y y dy
is in the span of
du&ux dx&uy dy, dux&uxx dx&uxy dy,
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and
duy&uxy dx&uyy dy.
Example 2.3. One can readily verify that the hyperbolic equation
uxx uyy&u2xy+1=0
is contact equivalent to the wave equation u x y =0 and the contact transfor-
mation is given by
x =x+uy , y = y+ux , u =u+ 12 (uxuy&xux& yuy&xy),
u x = 12 (ux& y), and u y =
1
2 (uy&x).
We remark that Hj Hi and Kj Hi are absolute contact invariants [2],
provided Hi {0. More specifically, for an invertible contact transformation
(x, y, u, ux , uy)  (x , y , u , u x , u y ), there exists a second-order function m=
m(x, y, u, ux , uy , uxx , uxy , uyy) which does not vanish on solutions of (2.1)
such that H i=mHi and K j=mKj , for all 0i, j.
Later in the text we will make use of the following theorem which we
state without proof. This theorem follows immediately from the main result
(Theorem 5.3) of [18] and from the results of [17, Chap. 10]. To
formulate the result we need to introduce several definitions.
We say that a function I=.(x, y, u, ux , uy , ...) which is not constant
along all solutions of (2.1) is X invariant if X(I )=0 for all solutions of
Eq. (2.1). Similarly, we say that a function J=,(x, y, u, ux , uy , ...) which
is not constant along all solutions of (2.1) is Y invariant if Y(J )=0 for
all solutions of Eq. (2.1). Let R denotes the set of real numbers. We say
that two functions I=.(x, y, u, ux , uy , ...) and J=,(x, y, u, ux , uy , ...) are
functionally independent ( for Eq. (2.1)) if for every open subset UR and
every function G : U  R such that G(I, J )=0, for all solutions u : U  R of
Eq. (2.1), follows that G is identically zero on U.
An important class of equations invariant under contact transformations
is the class of MongeAmpe re equations, i.e., equations of the form
E(uxx uyy&u2xy)+Auxx+2Buxy+Cuyy+D=0, (2.9)
where the functions A, B, C, D, and E, depend only on x, y, u, ux , and uy .
Theorem 2.4. Assume that for a hyperbolic equation (2.1) one of the
following conditions is satisfied:
(i) H0=K0=0.
(ii) Equation (2.1) is MongeAmpe re and H0=0, K0 {0, and K1=0.
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(iii) Equation (2.1) is MongeAmpe re and H0 {0, K0=0, and H1=0.
(iv) Equation (2.1) is MongeAmpe re and H0 {0, K0 {0, H1=0,
and K1=0.
Then there is a pair of X invariant functionally independent functions I1=
.1(x, y, u, ux , uy) and I2=.2(x, y, u, ux , uy , uxx , uxy , uyy), and there is a
pair of Y invariant functionally independent functions J1=,1(x, y, u, ux , uy)
and J2=,2(x, y, u, ux , uy , uxx , uxy , uyy).
Example 2.5. Consider the hyperbolic equation uxy=uxeu with the
characteristic vector fields X=Dx , Y=Dy . We easily compute H0=0,
K0 {0, and K1=0. The functions I1= y and I2=uy&eu are X invariant
and the functions J1=x and J2=uxx ux&ux are Y invariant.
3. CHARACTERIZATION OF CERTAIN SUBCLASSES
OF f-GORDON EQUATIONS
For the rest of this paper we adopt the Monge notation: ux= p, uy=q,
uxx=r, uxy=s, and uyy=t. Consider the hyperbolic equation
F(x, y, u, p, q, r, s, t)=0, (3.1)
satisfying the non-degeneracy condition (2.2), with characteristic vector
fields X and Y. An f-Gordon equation is an equation of the form
s+ f (x, y, u, p, q)=0. (3.2)
The following theorem is a fundamental classification result for f-Gordon
equations:
Theorem 3.1. The hyperbolic equation (3.1) is contact equivalent to an
f-Gordon equation if and only if there are two first-order functions I and J,
i.e., functions depending on x, y, u, and first derivatives of u, such that I is
X invariant and J is Y invariant.
From Theorem 3.1 follows that if any of the conditions (i), ..., (iv) of
Theorem 2.4 is satisfied for Eq. (3.1), then the Eq. (3.1) if f-Gordon.
For an f-Gordon equation (3.2) we choose characteristic vector fields
X=Dx and Y=Dy and so the first generalized Laplace invariants are
H0=Dx \fp++
f
p
f
q
&
f
u
and K0=Dy \fq++
f
p
f
q
&
f
u
.
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If Hi {0 and Kj {0, we have
Hi+1=2Hi&Hi&1&Dx Dy(ln |Hi | )
and (3.3)
Kj+1=2Kj&Kj&1&Dx Dy(ln |Kj | ),
where i, j0 and where H&1=K0 and K&1=H0 .
Anderson and Kamran [1, Proposition 14.4] showed that the condition
H0=K0=0 is necessary and sufficient for an f-Gordon equation (3.2) to be
contact equivalent to the wave equation. Their proof relies on the charac-
terization the contact orbit of the wave equation by Gardner and Kamran
[10]. Theorem 2.4 is the key to the generalization of this result.
Theorem 3.2. A hyperbolic equation (3.1) is contact equivalent to the
wave equation s=0 if and only if H0=K0=0.
Proof. If the hyperbolic equation (3.1) satisfies H0=K0=0, then by
Theorem 2.4, it has X and Y invariant first-order functions and so by
Theorem 3.1 the equation is equivalent to an f-Gordon equation (3.2). We
have
H0=
f
p p
r+
f
x p
+
f
u p
p&
f
p q
f +
f
p
f
q
&
f
u
, (3.4)
K0=
f
q q
t+
f
y q
+
f
u q
q&
f
p q
f +
f
p
f
q
&
f
u
. (3.5)
From H0=K0=0 follows fp p=0 and fq q=0, that is, Eq. (3.1) is
equivalent to an equation
s+ g(x, y, u) pq+a(x, y, u) p+b(x, y, u) q+c(x, y, u)=0. (3.6)
Consider the point transformation x =x, y = y, and u =u (x, y, u), where u
is determined by the equation u u=eG and where G satisfies Gu= g.
Eq. (3.6) is transformed into an equation of the form
s+a(x, y, u)p+b(x, y, u) q+c(x, y, u)=0. (3.7)
From H0=K0=0 we conclude au=bu=0 and ax=by. These
conditions imply the existence of the function .=.(x, y), such that
.y=a and .x=b. Under the point transformation x =x, y =y, and
u =e.u, Eq. (3.7) is transformed into an equation of the form
s+c(x, y, u)=0. (3.8)
304 MARTIN JURA S8
Since cu=&H0=0, then c=c(x, y). The point transformation x =x,
y =y, and u =u+C, where C=C(x, y) is a function satisfying the differen-
tial equation Cx y=c, carries (3.8) into the wave equation. K
Theorem 3.3. Let Eq. (3.1) be contact equivalent to an f-Gordon equation
with H0{0 and K0{0. Then (3.1) is contact equivalent to an equation of
form
s+a(x, y, u) p+b(x, y, u) q+c(x, y, u)=0 (3.9)
if and only if K0 H0 is of order 1, i.e., depends on x, y, u, p, and q only.
Proof. An easy computation shows that K0 H0 for an equation of form
(3.9) is a function of order one. We now prove the converse. Consider the
f-Gordon equation (3.2). We arrive at H0 and K0 given by (3.4) and (3.5).
Since H0 K0 is of order one, we deduce fp p=0 and fq q=0, and
so (3.2) is of the form (3.6). Consider the point transformation x =x, y = y,
and u =u (x, y, u), where u is determined by u u=exp( g du). This trans-
formation transforms Eq. (3.6) into the equation of the form of (3.9). K
Theorem 3.4. Let Eq. (3.1) be contact equivalent to an f-Gordon equation.
If H0 {0, K0 {0, X(K0 H0){0, and Y(H0 K0){0, then (3.1) is contact
equivalent to an equation of form
s+a(x, y) p+b(x, y) q+c(x, y, u)=0, (3.10)
if and only if the following conditions are satisfied.
(i) H0 K0 is of order one and
(ii) L=
1
H0
X \K0H0+ Y \
H0
K0 + is of order one.
Proof. We remark that L is an absolute contact invariant. An easy
computation shows that conditions (i) and (ii) are satisfied for the equation
of the form (3.10). Conversely, assume that (i) and (ii) are satisfied. By
Theorem 3.3 we may assume that the equation is given by (3.9). We now
prove that au=bu=0. The first generalized Laplace invariants H0
and K0 are
H0=&
b
u
q+
a
x
&
c
u
+ab and K0=&
a
u
p+
b
y
&
c
u
+ab. (3.11)
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An easy computation yields
X \K0H0+=Dx \
K0
H0 +=&
r
H0
a
u
+:1 {0, (3.12)
Y \H0K0 +=Dy \
H0
K0 +=&
t
K0
b
u
+:2 {0, (3.13)
where :1 , :2 are functions of order 1. Hence
L=
1
H 20K0
a
u
b
u
rt&
:2
H 20
a
u
r&
:1
H0K0
b
u
t+:1 :2 . (3.14)
If :1=:2=0, then from the last equation follows au=0 or bu=0,
which yields a contradiction with (3.12) or (3.13). Consequently, either :1
or :2 does not vanish. Say :1 {0. Then from (3.14) follows bu=0. By
(3.13) :2 {0, and so from (3.14) we deduce au=0. If :2 {0, then a
similar argument shows that au=0 and bu=0. K
Theorem 3.5. Let equation Eq. (3.1) be contact equivalent to an f-Gordon
equation. Then (3.1) is contact equivalent to an equation of form
s+c(x, y, u)=0, (3.15)
if and only if H0=K0 .
Proof. Assume that the equation is of the form (3.15). Then H0=K0
follows by an easy computation. We now prove the converse. Consider the
f-Gordon equation (3.2) with H0=K0 . If H0=K0=0, then by Theorem 3.2
the equation is contact equivalent to the wave equation and the statement
follows. Assume H0 {0. By Theorem 3.3, Eq. (3.1) is given by (3.9) and so
H0 , and K0 are as in (3.11), from which follows au=bu=0 and
ax=by. Thus there is a function .=.(x, y) satisfying .y=a and
.x=b and so under the point transformation x =x, y = y, and u =e.u,
Eq. (3.9) becomes of the form (3.15). K
Theorem 3.6. The f-Gordon equation (3.2) is contact equivalent to an
EulerLagrange equation of a first-order Lagrangian if and only if H0=K0 .
Proof. Consider the first-order Lagrangian L(x, y, u, p, q). It is easy to
check that that the EulerLagrange equation
L
u
&Dx
L
p
&Dy
L
q
=0
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satisfies H0=K0 . Conversly, by Theorem 3.5, Eq. (3.2) satisfying H0=K0 is
equivalent to an equation s+c(x, y, u)=0, which is variational (consider
the Lagrangian L=(&12) pq+ c du). K
From Theorem 3.5 and Theorem 3.6 immediately follows
Corollary 3.7. An f-Gordon equation is contact equivalent to an Euler
Lagrange equation of a first-order Lagrangian if and only if it is contact
equivalent to some equation of the form s=c(x, y, u).
4. CHARACTERIZATION OF f-GORDON EQUATIONS
WITH CONSTANT OVSIANNIKOV’S INVARIANTS
Following Ibragimov [16, p. 45] we call the functions _0=K0 H0 and
_1=(2H0&K0&H1)H0 Ovsiannikov’s invariants. We will now turn to the
case when these two functions are constants, i.e., the case when K0 H0 and
H1 H0 are constants. We start with the following lemma.
Lemma 4.1. Let Eq. (3.1) be contact equivalent to an f-Gordon equation
and k{0, 1 be a constant. Then K0=kH0 , if and only if (3.1) is contact
equivalent to a linear equation of the form
s+a(x, y) p+b(x, y) q+c(x, y) u=0, (4.1)
where
c=
1
k&1 _k
a
x
&
b
y&+ab. (4.2)
Proof. If Eq. (3.1) satisfies (4.1) and (4.2), then by a simple computation
K0=kH0 . Now assume K0=kH0 . If H0=K0=0, then we have the wave
equation. Let K0 H0=k. By Theorem 3.3, Eq. (3.1) is contact equivalent to
the equation of the form (3.9) and so H0 and K0 are given by (3.11). We
deduce that
a
u
=
b
u
=0, and k
a
x
&
b
y
=(k&1) \cu&ab+ .
Differentiating the last equation with respect to u, we obtain cu u=0,
and so the equation can be written in the form
s+a(x, y) p+b(x, y) q+ g(x, y) u+h(x, y)=0. (4.3)
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Let .=.(x, y) be a particular solution to (4.3). Then the transformation
x =x, y = y, and u =u&.(x, y) carries Eq. (4.3) into a linear equation of
the form (4.1). The condition (4.2) follows immediately from the condition
K0=kH0 . K
Lemma 4.1 and the characterization theorem of Ovsiannikov [21,
p. 112], combine to establish the following result:
Theorem 4.2. Let Eq. (3.1) be contact equivalent to an f-Gordon equation
and H0 {0.
(i) _0 {0, 1 and _1 {0 are constants if and only if (3.1) is contact
equivalent to the EulerPoissonDarboux (EPD) equation
s&
2
_1(x+ y)
p&
2_0
_1(x+ y)
q+
4_0
_21(x+ y)
2 u=0.
(ii) _0 {0, 1 is a constant and _1=0 are if and only if (3.1) is contact
equivalent to the linear equation
s+xp+_0 yq+_0 xyu=0,
provided c=0.
We will now treat the case H0=K0 (_0=1), i.e., the case of variational
equations.
Theorem 4.3. Let Eq. (3.1) be contact equivalent to an f-Gordon equation
and let H0=K0{0.
(i) H1 H0=0 if and only if (3.1) is contact equivalent either to
Liouville equation s=eu or to EPD equation s=2u(x+y)2.
(ii) H1 H0=1 if and only if Eq. (3.1) is contact equivalent to Klein
Gordon equation s=u.
(iii) H1 H0=k, where k is a real number and k{0, 1, if and only if
Eq. (3.1) is contact equivalent to EPD equation
s=
2u
(1&k)(x+ y)2
. (4.4)
Proof. One can easily see that the invarince conditions are satisfied by
each of the equations. Conversely, let H0=K0 {0 and H1 H0=k be
satisfied for an f-Gordon equation (3.2). From Theorem 3.5 we conclude
that the equation is given by s+c(x, y, u)=0 and so H0=&cu. Using
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the recursion formulas (3.3) we conclude from the highest order coefficients
of H1=kH0 that
c
u
c
u u u
&\ cu u+
2
=0. (4.5)
Integrating, we obtain
c=+&
1
a
eau+b+ g, where a{0, (4.6)
or
c=+& e
au+b, (4.7)
where a, b, g are arbitrary functions of x and y only. Note that c=c(x, y)
is also a solution to (4.5) but it yields H0=K0=0, which is a contradiction
to our assumption. First assume that c is given by (4.6). Then H0=
K0=&+ e
au+b and using (3.3) we arrive at
H1=&
a
y
p&
a
x
q&
a
x y
u+ag&
b
x y
.
From H1=kH0 we obtain ax=0 and ay=0, and so a is a constant.
We conclude that
ag&
b
xy
=&+ ke
au+b.
Differentiating the last equation with respect to u yields ka=0. If k{0,
then a=0 which is a contradiction. If k=0, then g=(1a) bx y, and so
the equation is equivalent to the equation
s+&
1
a
eau+b+
1
a
b
x y
=0. (4.8)
The point transformation x =&+ x, y = y, and u =au+b transforms (4.8)
into s =eu .
Next assume that the function c is given by (4.7). Thus, the equation is
equivalent to
s+& e
au+b=0, (4.9)
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and so H0=&+ e
a and H1=&+ e
a& ax y . From H1=kH0 we deduce that
a
x y
=+& (k&1) e
a. (4.10)
If k=1, then ax y=0 and so a=.(x)+( y), where .(x) and ( y)
are arbitrary functions. Denote F $(x)=+& e
.(x) and G$( y)=e,( y). The point
transformation x =F(x), y =G( y), and u =u, transforms Eq. (4.9) into
s +u +b (x , y )=0, for some function b . The point transformation x=&x ,
y= y , and u=u &!(x , y ), where ! satisfies the last equation, carries the
equation into the KleinGordon equation s=u.
If k{1, then integrating (4.10) we obtain
ea=+&
2.$(x) $( y)
(k&1)(.(x)+( y))2
,
where . and  are arbitrary functions. Thus, the point transformation
x =.(x), y =( y), and u =u transforms (4.9) into the equation s +2u 
((k&1)(x + y )2)+b (x , y )=0, for some function b . Finally, the point
transformation x=x , y= y , and u=u &,(x , y ), where , satisfies the last
equation carries this equation into (4.4). K
It is obvious that we cannot distinguish between the Liouville equation
and the equation s=2u(x+ y)2 in terms of the generalized Laplace
invariants. But, the infinitesimal contact symmetry algebra for Liouville
equation is
g1={pr2v; v=&(x) x&!( y)

y
+($(x)+!$( y))

u=
and the infinitesimal contact symmetry algebra for the equation
s=2u(x+ y)2 is
g2={pr2v; v=&(ax+b) x&(ay&b)

y
+\cu+(x)+!( y)x+ y &
$(x)+!$( y)
2 +

u= ,
where pr2v is the second prolongation of the vector field v, and a, b, c are
constants, and (x), !( y) are arbitrary functions. Since [g1 , g1]=g1 and
[g2 , g2]{g2 , then g1 is not isomorfic to g2 , and so the two equations are
not equivalent.
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5. CHARACTERIZATION OF MONGE-AMPE RE EQUATIONS
DARBOUX INTEGRABLE AT LEVEL ONE
Definition 5.1. We say that the hyperbolic equation (3.1) is Darboux
integrable at level k if there are two functionally independent X invariant
functions I1 and I2 depending on x, y, u and derivatives of u up to order
k+1 and two functionally independent Y invariant functions I1 and I2
depending on x, y, u and derivatives of u up to order k+1.
The essence of the method of Darboux lies in the observation that the
Eq. (3.1) together with the two equations I2= f (I1) and J2= g(J1), where
f and g are arbitrary functions, form an integrable system.
Example 5.2. We consider Darboux integrable equation
uxy+
2 - uxuy
x+ y
=0, (5.1)
studied by Goursat [12, p. 171, Example XI] (see also Vessiot [30]). The
characteristic vector field X=Dx has invariant functions I1= y and
I2=uyy (2 - uy )+- uy(x+ y) and the characteristic vector field Y=Dy
has invariant functions J1=x and J2=uxx (2 - ux )+- ux (x+ y). The
three equations
uxy+
2 - uxuy
x+ y
=0,
uxx
2 - ux
+
- ux
x+ y
= f (x),
uyy
2 - uy
+
- uy
x+ y
= g( y),
where f (x) and g( y) are arbitrary functions, give rise to the Pfaffian system
generated by
%1=du&ux dx&uy dy,
%2=dux+\ 2uxx+ y&2 - ux f (x)+ dx+
2 - uxuy
x+ y
dy,
%3=duy+
2 - uxuy
x+ y
dx+\ 2uyx+ y&2 - uy g( y)+ dy,
with the independence condition dx7 dy{0. It is easy to check that the
system [%1 , %2 , %3] is integrable. Finding the integral surfaces to this
system, i.e two-dimensional manifolds on which %1, %2, and %3 vanish,
amounts to integrating Eq. (5.1). We conclude that
- ux =F $(x)&
F(x)+G( y)
x+ y
, - uy =G$( y)&
F(x)+G( y)
x+ y
,
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and
u=&
(F(x)+G( y))2
x+ y
+| F $(x)2 dx+| G$( y)2 dy, (5.2)
where F"(x)= f (x) and G"(x)= g(x). It is now easy to check that (5.2) is
the general solution of Eq. (5.1).
Combining the results of [2, Corollary 6.4, 1, Corollary 11.4, 18,
Theorem 5.3] we obtain the following characterization of Darboux
integrable equations:
Theorem 5.3. Equation (3.1) is Darboux integrable at level k0 if and
only if Hp=Kq=0, for some p, qk.
By Theorem 3.2 all hyperbolic equations (3.1) Darboux integrable at
level zero are contact equivalent to the wave equation. Of course, this is a
classical result due to Lie. Goursat [13] classified all f-Gordon equations
Darboux integrable at level 1 and provided a closed form general solution
to every equation on his list. Later Vessiot [30] redrived and refined Goursat’s
classification by more systematic methods.
As an easy consequence of Theorems 2.4 and 3.1 one obtains the following
Theorem 5.4. Hyperbolic MongeAmpe re equation (2.9) Darboux
integrable at level one is contact equivalent to an f-Gordon equation.
This theorem immediately implies that the GoursatVessiot list is a
complete classification of MongeAmpe re equations that are Darboux
integrable at level one. It is not clear to the author at this point, whether
either Goursat or Vessiot were aware of this fact.
We now classify all hyperbolic equations (3.1) equivalent to an Euler
Lagrange equation of some Lagrangian that are Darboux integrable at
level one independently of the GoursatVessiot results.
Theorem 5.5. A second-order scalar hyperbolic partial differential equa-
tion in the plane (3.1) is equivalent to an EulerLagrange equation of a first
order Lagrangian and Darboux integrable at level one if and only if it is con-
tact equivalent to wave equation s=0, or Liouville equation s=eu, or to the
linear equation s=2u(x+ y)2.
Proof. It is easy to verify that all three equations above are variational
and Darboux integrable at level one. We now prove the converse. Let
L(x, y, u, p, q) be a first order Lagrangian for the equation (3.1). As in the
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proof of Theorem 3.6 one easily sees that H0=K0 . Moreover, the equation
is quasi-linear, i.e., of the form
Ar+2Bs+Ct+E=0,
where A, B, C, and E, are first order functions, and so it is of Monge
Ampe re type. If H0=K0=0, then by Theorem 3.2 the equation is contact
equivalent to the wave equation. Assume now H0 {0. By Theorem 5.3,
H1=K1=0, and so by Theorem 5.4 the equation is contact equivalent to
some f-Gordon equation. By Theorem 4.3(i) the statement now follows. K
6. EXAMPLES
As our first example we consider the hyperbolic FermiUlamPasta
(FPU) equation
t=}( p)2 r, }( p){0. (6.1)
We find H0=K0 and one can also easily see that L=&q22+:( p), is a
Lagrangian for (6.1), provided :"( p)=}( p). Fackerell, Hartley, and
Tucker [8] (see also [14]) showed that the equation (6.1) is Darboux
integrable at level one if }( p) satisfies certain fourth-order differential equa-
tion. Recently Bryant, Griffiths, and Hsu [3, p. 92] proved that the FPU
(6.1) is Darboux integrable at level one, if and only if it is equivalent
to an FPU equation (6.1) with (a) }( p)= p&2, (b) }( p)= p&23, or }( p)
given implicitly by either (c) p=2- }( p)+ln((1&- }( p))(1+- }( p))
or (d) p=2- }( p)+ln((- }( p)&1)(- }( p)+1))). In case (a) we find
H0=K0=0 and so the equation is contact equivalent to the wave equa-
tion. For the remaining cases we have H0=K0 {0 and H1=0, and so by
Theorem 4.3(i) the equations (b), (c), and (d), are equivalent to either the
Liouville equation or the linear equation s=2u(x+ y)2. In fact, we will see
below that all three equations are contact equivalent to s=2u(x+ y)2.
Proposition 6.1. The FPU equation (6.1) is contact equivalent to an
equation of the form
s=c(x+ y) u, (6.2)
for some function c=c(w).
Proof. The characteristic vector fields for Eq. (6.1) are
X=Dy+}( p) Dx and X=Dy&}( p) Dx .
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Note that I=q&K( p) is an X invariant and J=q+K( p) is an Y invariant
function; here K$( p)=}( p). By Theorem 3.5, Eq. (6.1) is equivalent to an
equation of the type s=c(x, y, u). The contact transformation
x =I, y =J, u =u&xp& yq, p =
x&}( p) y
2}( p)
, and q =&
x+}( p) y
2}( p)
,
transforms Eq. (6.1) into
s + f (x & y )( p &q )=0, where f (w)=
}$(&w2)
2}(&w2)2
. (6.3)
The point transformation x=x , y=&y , and u=u exp(&F(x & y )), where
F $(w)= f (w), carries Eq. (6.3) into (6.2) with c(w)= f (w)2& f $(w). K
Thus, examining the class of Eqs. (6.2) is the same as examining the class
of FPU equations. The class of equations (6.2) has been extensively studied
in the classical literature (see for instance [9, 11, 12]). For example, the
KleinGordon equation or the whole class of variational EulerPoisson
Darboux (EPD) equations belongs to equations of type (6.2). Putting
a Darboux integrable FPU equation into the form (6.2) substantially
simplifies the actual integration since we may use the method of Laplace
(see [9, Chap. XII] for a detailed account of this method).
From Proposition 6.1 and Theorem 4.3 we immediately deduce the
following classification result:
Proposition 6.2. The hyperbolic FPU equation t=}( p)2 r satisfying
H0 {0 and H1=0 is contact equivalent to the linear equation s=
2u(x+ y)2.
We continue by investigating hyperbolic FPU equations Darboux
integrable at higher levels. Preliminary work on the problem of classifying
FPU equations satisfying H2=K2=0 was done by Fackerell, Hartley, and
Tucker [8] who derived, by brute force of computer algebra, a sixth-order
differential equation for }( p) that has to be satisfied in order that (6.1) be
Darboux integrable at level two. It is quite easy to compute H2 for
Eq. (6.1), and so we offer the following improvement of their result:
Proposition 6.3. The hyperbolic FPU equation t=}( p)2 r satisfying
H0 {0, H1 {0, and H2=0, is contact equivalent to a linear equation of type
s=c(x+ y) u, where c=c(w) satisfies the fourth-order differential equation
(c3+(c$)2&cc") c(4)+c(c$$$)2&2c$(3c2+c") c$$$+(c")3+3c2(c")2
+c(7(c$)2&5c3) c"+5(c3&(c$)2)(c$)2+c6=0. (6.4)
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For equation s=c(x+ y) u, we have
H0=K0=c(x+ y)
and
H1=K1=
c(x+ y)3+(c$(x+ y))2&c(x+ y) c"(x+ y)
c(x+ y)2
.
More generally, using the recursion formulas (3.3) we deduce that Hn=
Kn= fn(c[2n](x+ y)), for some function fn , where c[k]=(c, c$, c", ..., c(k)).
Proposition 6.4. The hyperbolic FPU equation t=}( p)2 r satisfying
H0 {0, H1 {0, ..., Hn&1 {0 and Hn=0, is contact equivalent to a linear
equation of type s=c(x+ y) u, where c=c(w) satisfies the 2n th-order
differential equation fn(c[2n](w))=0.
We note that Eq. (6.4) is f2(c[4]) f1(c[2])=0.
It is a well-known result that the maximal connected group of contact
transformations that preserve linear equations
s+a(x, y) p+b(x, y) q+c(x, y) u=0
is the group of invertible transformations x =(x), y =!( y), and
u =*(x, y) u, where (x), !( y) and *(x, y) are arbitrary functions. Using
this fact it is not difficult to prove
Proposition 6.5. The maximal connected group of contact transforma-
tions that preserve the type of equations s=c(x+ y) u is a four-parameter
group of point transformations
x =a1x+a2 , y =a1y+a3 , and u =a4 u, (6.5)
where a1 , a2 , a3 , and a4 are real constants and a1a4 {0.
Let c(w) and c (w ) be two functions. If s=c(x+ y) u and s =c (x + y ) u
are two equations that are transformed one to another by the point trans-
formation (6.5), then w =aw+b and c =ca2, where a=a1 and b=a2+a3 .
Prolonging this group action to a higher order jet space, we obtain
c $=c$a3, c "=c"a4, ..., c (n)=c(n)an+2, ... . We have f 0(c )=c =ca2=
f0(c)a2. From the recursion formulas (3.3) and the induction argument
easily follows that f n(c [2n])= fn(c[2n])a2. Thus, if c(w) is a solution to to
the differential equation fn(c[2n])=0, then also a2c(aw+b) is a solution.
Note that the infinitesimal generators of this group action are v1=w
and v2=ww&2cc . Using Lie reduction, we may reduce the order of the
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equation fn(c[2n])=0 by two, for n1. We have [v1 , v2]=v1 . The
algorithm for Lie reduction tells us to rewrite the equation in terms of the
invariants w^=c and c^=c$ of v1 . In these new variables the equation
becomes hn(c^[2n&1])=0, for some function hn . The reduced vector field
v^2=2w^w^+3c^ c^ is a symmetry of hn(c^[2n&1])=0 and w =- w^c^13 and
c =- w^c^$ are invariants of v2 . In terms of the new variables equation
hn(c^[2n&1])=0 reduces to a (2n&2)nd-order equation g(w , c [2n])=0.
Hence, we expect, that there is a (2n&2)-parameter family of non-
equivalent classes of FPU equations Darboux integrable at level n, for
n1.
As our second example we consider equations that describe pseudo-
spherical surfaces. A pseudo-spherical surface (p.p.s.) is a two-dimensional
Riemannian manifold with constant Gaussian curvature &1. Consider a
local orthonormal frame e1 , e2 and its dual coframe |1, |2. If we denote
|3 the connection form, then the following structure equations are satisfied
d|1=|2 7 |3, d|2=|1 7 |3, and d|3=|1 7 |2. (6.6)
Following Chern and Tenenblat [7] we say that a scalar partial differential
equation 2 for a function u(x, y) describes a p.s.s. if 2 is the integrability
condition for the existence of functions fij , 1i3, 1 j2, depending on
u and its derivatives such that the one-forms
|1= f11 dx+ f12 dy, |2= f21 dx+ f22 dy, and |3= f31 dx+ f32 dy,
satisfy the structure equations (6.6). Examples of such are KdV and mKdV
equations, sin-Gordon equation, KleinGordon equation, Burgers equation,
Liouville equation, etc. Let ’ # R&S, where S is the set of isolated points
on the real line. We say that a differential equation 2 describes an ’-p.s.s. if
it describes a p.s.s. with f21=’ and 2 is independent of ’. Note that this
definition is not invariant under the group of contact or point transformations.
For example, consider the forms
|1=|3= p dx+
u
’
dy and |2=’ dx+
1
’
dy,
which satisfy the structure equations (6.6) on the surface described by the
equation s=u. Rabelo and Tenenblat [23] obtained that equations of type
s=F(u, p) that describe an ’-p.s.s. are
s=F(u), where F"(u)+:F(u)=0, (6.7)
s=&e$u - #p2+;, (6.8)
s=&e$up, (6.9)
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and
s=*u+‘p+{, (6.10)
where :, ;, #, $ &, *, {, ‘ are real constants, with :, ;, #, $ & non-zero.
Equations (6.7) are
s=c1eau+c2e&au, (6.11)
and
s=c1 cos(au)+c2 sin(au), (6.12)
where a, c1 , c2 are arbitrary real constants. We consider the four-parameter
Lie group of transformations
x =a1x, y =a2y, u =a3 u+a4 , (6.13)
where a1 , a2 , a3 , a4 , are real parameters. If c1=c2=0, then we have a
wave equation s=0. If c1=0 and c2 {0 or c2=0 and c1 {0 we can use
(6.13) to normalize Eqs. (6.11) to the Liouville equation s=eu. If c1 {0
and c2 {0 we can normalize Eqs. (6.11) to either s=sinh u or s=cosh u.
If c21+c
2
2 {0, we can normalize Eqs. (6.12) to s=sin u. Note that if
we allow the group parameters a1 , a2 , a3 , a4 , to be complex, then the
equations s=sin u, s=sinh u, and s=cosh u are equivalent.
Next we consider Eqs. (6.8). An easy computation shows that
H1=K1=0 for all these equations and so they are Darboux integrable at
level one. We first observe that ; can be taken to be 1 or &1 without the
loss of generality. Using the group (6.13), we transform Eqs. (6.8) into one
of the four following equations s=eu - +&p2+&1. If we allow the group
parameters to be complex then all these equations are equivalent to
s=eu - p2&1, which is equation (C 2I ) on Vessiot’s list [30].
Any equation of type (6.9) has H0=0, K0 {0, and K1=0. These equations
can by normalized using (6.13) to s=eup, which interchanging x and y
becomes equation (BII) on the Vessiot’s list.
Finally for Eqs. (6.10) we have H0=K0=*, If *=0, then Eq. (6.10) is
equivalent to s=0. If *{0, then H1 H0=1 and so by Theorem 4.3(ii),
Eq. (6.10) is equivalent s=u.
We have proved the following proposition.
Proposition 6.6. The equation s=F(u, p), where F is a smooth function
describes an ’-p.s.s if and only if it is contact equivalent to one of the following
equations
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(A1) s=u, (D1) s=0,
(A2) s=sin u, (D2) s=eup,
(A3) s=sinh u, (D3) s=eu,
(A4) s=cosh u, (D4) s=eu - +&p2+&1.
If we allow complex parameters in the group (6.13), Eqs. (A2), (A3), and
(A4), are equivalent and Eqs. (D4) are equivalent.
Note that equations (D1)(D4) are all Darboux integrable at level one.
Not all Darboux integrable equations of type s=F(u, p) describe an
’-p.s.s. As an example consider the equation s=up which is Darboux
integrable at level two (H0=0 and K2=0), but according to the last
proposition, does not describe an ’-p.s.s.
We now turn our attention to the nonlinear wave equation introduced
by Calogero [5]
s+ur+ f ( p)=0, f ( p){0, (6.14)
which we also studied in [18, Chap. 6]. The characteristic vector fields
are X=uDx+Dy and Y=Dx . We easily compute that H0=&r,
K0=r( f "( p)&2), and H1=0. Since (6.14) is MongeAmpe re, by
Theorem 5.3 of [18] there is an X invariant function I1 of order one and
an X invariant function I2 of order two, namely, if f ( p)=1g"( p), then
I1= y+ g$( p) and I2=rg"( p) e pg$( p)& g( p). Obviously, J1= y is Y invariant
function. Thus, Eq. (6.14) is contact equivalent to an f-Gordon equation.
We also have L= f ( p) f $$$( p)(2& f "( p)), and so for a generic function
f ( p), the conditions of Theorem 3.4 are satisfied. Thus, (6.14) is contact
equivalent to the equation of form (3.10). Indeed, the contact transformation
x =I1 , y =J1 , u = px&u, p =xf ( p), q =&q&xf ( p),
transforms Eq. (6.14) into a linear equation
s +a(x , y ) p +b(x , y ) u =0, (6.15)
for some functions a and b. Since H1=0, the last equation is integrable by
the method of Laplace.
Now consider a special case of Eq. (6.14)
s+ur&2p( p+c)=0, (6.16)
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where c is a constant. We have H0=&r, K0=&6 and H1=0. Therefore,
K0 H0=6 and H1 H0=0 and so, by Theorem 4.2, Eq. (6.16) is contact
equivalent to an EPD equation, namely Eq. (6.16) is equivalent to
s+
p
2x+ y
+
3q
x+ y
+
3u
2(x+ y)2
=0.
Finally, we remark that Rabelo [22] proved that equations of type
s+ur+ p2+b&a - p2+b=0, (6.17)
where a, b, are real constants, describe an ’-p.s.s. We have
K0=
abr
( p2+b)32
.
If a=0 or b=0, then K0=0, otherwise K0 {0 and K1=0. We conclude
that every equation of the form (6.17) is contact equivalent to some linear
equation of the form (6.15) Darboux integrable at evel one.
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